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Danh muc ky hiéu

lem(a, b)
ged(a, b)

¢(s)

tap so6 tu nhien

tap so6 nguyéen

BCNN cia hai s6 nguyén a va b
UCLN ctia hai s6 nguyén a va b
d la u6c cua a

tich chap Dirichlet

da thic Bernoulli

ham phi Euler

ham Mobius

ham zeta Riemann



L3i mdé dau

Trong s6 hoc, boi chung nho nhat (least common multiple) ctia hai s6
nguyén a va b 1a s6 nguyén duong nhé nhat chia hét cho ca a va b. Udc
chung 16n nhat ctia hai s6 nguyén a va b la s6 nguyén duong 16n nhat 1a
uéc clia cd hai s6 nguyéen a, b. Cac kién thiic vé boi chung nhé nhat va udc
chung 16n nhat da dugc gidng day tit dau bac hoc trung hoc. Trong khi
u6c chung 16n nhat ctia hai sd6 nguyén dude nhiéu nha Toan hoc nghién
cttu va tim duge nhiéu ing dung trong cic linh vic toan hoc thi ngugc
lai, boi chung nhé nhat ctia hai s6 nguyeén lai it dudc nghién citu hon rat
nhiéu.

Ngoai cac tinh chat co dién, ting dung va thuat toan dé tinh boi chung
nh6 nhat ctia hai s6 nguyén da biét thi cic kién thiic md rong vé né con

han ché. Ham tdng boi chung nhé nhat
l(n) = Zlcm(j, n)
j=1

duge nghien citu béi mot s6 tac gid. Nam 1975, Alladi [1] nghién citu tong

n

Z(lcm(j, n))" (reR,r>1)

j=1

va thu dugce

- . ro__ C<T'+'2> 2r+4-2 2r+14-€
ZZ(lcm(],n)) = 2(7“+1)2C(2):E + O(z ),

n<z j=1

Nam 2007, Bordelles [2] cai tién sai s6 trong két qué cia Alladi trong
truong hop » = 1 va mé rong cho truong hop r = —1 biang cac két qua



sau

I(n) = (1% + ) * ) (m).

Z Zlcm(j, n) = %(32)):64 + O(z3(log 2)*3(loglog )*?) (z > e),

a 1 (logz)® (logx)? Al?
22 i 6@ o) (#1083 ) ) + Ottos)

1, néun=1;

0, néu ngudc lai,

F % G 1a tich chap Dirichlet thong thuong, va A 1a hing s6 Glaisher-
Kinkelin.
Gan day nhat, nam 2014, Tkeda va Matsuoka [3] dinh nghia hai ham

n

Ly(n) = Z(lcm(j,n))a

Tu(x) = Z L,(n)

v6i moi a € Z va x > 1. Cac téc gid nghién ciu T,(x) v6i a > 2:

57 L) = s ey + O og ) loglog )

n<x

khi x — oo, trong d6 hing s6 sinh ra chi phu thuoc a, x > 1 vd k € N véi
k> 2. V6ia < —2, cac tac gia thu duge: véiz > 1 va k € Nvéi k > 2,

thi
c k) (R
2 Loalm) = =57 <1 ! g(%))

n=1

va

LR (R e tlogr
2 Leiln) = =57 <”<<2k>> BT ES R

n<x
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khi x — oo, trong d6 hang so sinh ra chi phu thuoc vao k.

Muc tiéu ctia luan viin nay 1a tong hop cac tinh chat ctia boi chung nhé
nhat va trinh bay két qua vé ham tong bsi chung nhé nhat. Xuat phét
tit nhitng 1i do dé nén t6i manh dan chon dé tai: “Vé ham téng - Lcm”
duéi su huéng dan ctia PGS. TS. Nong Qudc Chinh.

Ngoai phan md dau va tai lieu tham khéo, b6 cuc clia luan van gom ba
chuong. Chuong I trinh bay nhitng kién thiic chuan bi la co sé 1y thuyét
cho chuong sau, bao gom céc khai niém vé boi chung nhé nhat, uwée chung
16n nhat, mdi lien hé gitta boi chung nhé nhat va uéc chung 16n nhéat, cac
cach tinh boi chung nhé nhat. Chuong II trinh bay cac danh gia ve gia tri
ham tong boi chung nhé nhat. Cac két qua nay nam trong hai bai béo ciia
Bordelles trong [2] va ctia S. Ikeda va K. Matsuoka trong [3]. Chuong II1
dua ra ting dung Iy thuyét vé boi chung nhé nhat ciia cac s6 nguyen duong
trong Toan hoc pho thong.

Loi dau tién, toi xin kinh gt 10i cAm on sau sic va chan thanh nhat t6i
PGS. TS. Nong Quoc Chinh - Truong Dai hoc Khoa hoc - Dai hoc Thai
Nguyén vi sy tan tinh gitp dé va chi bao ctia thay ddi véi toi trong thoi
gian lam luan van.

Toi cling xin gti 161 cdm on dén Quy Thay Co Truong Dai hoc Khoa
hoc - Dai hoc Thai Nguyén da tan tinh gidng day toi trong sudt khoéa hoc.
T6i xin cam on Ban giam hiéu, Ban chti nhiém khoa Toén - Tin, Phong
Dao tao - Truong Dai hoc Khoa hoc - Dai hoc Thai Nguyén da giap do va
tao dieéu kien cho toi trong thoi gian hoc tai truong.

Xin gtii 161 cAm on dén Quy Thay, Co trong Hoi dong cham luan vin
da danh thoi gian quy bau dé doc, chinh stta, gép ¥ va phan bién cho toi

hoan thanh luan van nay mot cach hoan chinh nhat.

Thai Nguyén, thang 06 nam 2016
Hoc vién
Pham Van Duc



Chuong 1

Mot vai tinh chat ctia bdi chung

nhé nhat

Chuong nay trinh bay nhitng kién thiic chuan bi 1a co sé 1y thuyét cho
chuong sau, bao gom cac khai niém vé boi chung nh6 nhat, wéc chung l6n
nhat, moi lién hé gitta boi chung nhé nhat va uéc chung 16n nhéat, cac cach
tinh boi chung nhé nhat. Noi dung ciia chuong dude tham khao chu yéu

trong cac tai lieu [4, 5, 6].

1.1 Khai niém
Trong 1y thuyét so, tap so tu nhién 1
N=1{1,2,3,4,...},
va tap s6 nguyén la
Z=4{..,-3,-2,-1,0,1,2,3...}.

Dinh nghia 1.1.1. S6 nguyén k& dudc goi 1 boi s6 clia mot sd6 nguyén a
khi v& chi khi ton tai mot s6 nguyén b sao cho k = ab. Trong trudng hop

nay ta ciing noéi k chia hét cho a.

Dinh nghia 1.1.2. Mot s6 nguyén duong k dudc goi 1a boi chung clia hai

sO nguyeén a va b néu k 14 boi s6 clia a va k cling 1a boi s6 cua b.
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Tuong ti ta cling ¢6 dinh nghia boi s6 chung ciia n s6 nguyén aq, as, . . . , ay.

Dinh nghia 1.1.3. S6 nguyén duong k dudc goi 1a boi chung nhé nhat
clia hai s6 nguyén a va b néu k 1a boi s6 chung ctia a va b va v6i moi s6

nguyén duong k' 1a boi chung ctia a va b thi £ < k'. Ky hiéu lem(a, b) = k.
Vi du 1.1.4. Cac boéi cua 4 la:
4,8,12,16,20,24, 28,32, 36,40, 44, 48, 52, 56, 60, 64, 68, 72, 76, . . .
va cac boi cua 6 la:
6,12, 18,24, 30, 36,42, 48, 54, 60,66, 72, . ..
Boi chung clia 4 va 6 1a cic s6 ctiing thuoc ca hai danh sach trén:
12,24, 36,48,60,72, ...

Do do, tit danh sdch mot vai boi chung dau tién clia 4 va 6 nay, boi chung
nho nhat ctia 4 va 6 1a lem(4,6) = 12.

Khi cong, trit, hay so sanh cidc phan s6 tam thuong, mot cach don gidn
13 tim boi s6 chung nhd nhat ciia cic mau so, thuong dude goi 1a mau sé
chung nhé nhat, béi vi mbi phan sé c¢6 thé duge bieu dién thanh mot phan
s6 v6i mau s6 nay. Vi du,

2 1 4 7 11

N6 2 L »

trong d6 mau s6 42 1& boi chung nhé nhat cta 21 va 6.

Meénh dé 1.1.5. Boi chung nhé nhét ctia hai sé nguyén a va b 1a ton tai

va duy nhét.

Chatng minh. Cho truéc hai s6 nguyén a va b, khi do6

ab| 1a boi chung ciia
a va b. Do do6 luon ton tai boi chung ctia hai s6. Suy ra tap tat cd cac boi
chung ctia a va b khac réng. Theo nguyén 1y sdp thit tu t6t (well-ordering
principle), moi tap s6 nguyén duong khéac rong déu c6 phan tit nho nhat.
Do d6 ton tai lem(a, b).
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Dé chiing minh tinh duy nhat, goi m = lem(a,b),n = lem(a, b). Khi
d6 ta ¢6 voi moi s6 nguyén duong ¢ sao cho a | ¢ va b | ¢ thi m | ¢. Vay ta

co6m |nvan|m.Suy ram=+n. Dom,n>0,m=n. O

Dinh nghia 1.1.6. Mot s6 nguyén d dudc goi la udc so clia s6 nguyéen a
khi va chi khi ton tai mot s6 nguyén b sao cho a = bd. Ky hieu d | a.

Dinh nghia 1.1.7. Mot s6 nguyén p dude goi 1a s6 nguyén to néu

1) p>1,
(ii) p khong c6 u6c so ngoai trir 1 va p.

Vi du, 37 1a mot s6 nguyen t6, 1 khong phai 1a mot s6 nguyén t6. Moi

s6 nguyén 16n hon 1 khong phai 1a s6 nguyén t6 duge goi 1a hop so.

Dinh ly 1.1.8. Moi s6 nquyén duong, ngoai tric 1, déu la tich cia cdc so

nguyén to.

Chiing minh. Ho#c n 1a s6 nguyeén t6 thi n = 1 - n, hodc n 1a hop s c6
u6c nam gitta 1 va n. Néu m 1a u6c s6 nhdé nhat ciia n, m 1a sé6 nguyén to.
That vay, vi néu nguge lai, ton tai [ sao cho 1 < 1 < m val | m kéo theo

[ | n, mau thuan véi dinh nghia cia m. Vay m 1a s6 nguyen 6.
Do dé n 1a s6 nguyén t6 hosic n chia hét cho mot s6 nguyén t6 nhd hon
n, dat la p;, trong trudéng hop nay

n=pny, 1<n <n.

O day, hosic ny 1a s6 nguyen t6, ta chitng minh xong, hodic né chia hét cho

sO nguyén to ps 16n hon 1, trong truong hop nay
n =ping = pipe2n2, 1 <ng <ng <n.

Lap luan tuong ty, ta thu duge mot day sé gidm n,nq,...,ne_1, ... tat ca
déu 16n hon 1. S6m hay muon ta sé gap ni_1 1a mot s6 nguyen to, dat 1a
pr. va khi d6

n = pip2 - Pk- (1.1)



